Abstract. We present a characterization of the global analytic hypoellipticity of a complex, non-singular, real analytic vector field defined on a compact, connected, orientable, two-dimensional, real analytic manifold.
Introduction
In this work we treat complex, non-singular, real analytic vector fields defined on a compact, connected, orientable, two-dimensional, real analytic manifold M. We say that a vector field L is globally analytic hypoelliptic on the manifold M if the conditions u ∈ D (M ) and Lu ∈ C ω (M ) imply that u ∈ C ω (M ). We recall some of the known results. Greenfield in [Gr] proved among other things that if L = α∂ t + β∂ x has constant complex coefficients, then L is globally analytic hypoelliptic on the two-torus if and only if for any ε > 0 there exists C > 0 such that |αp+βq| ≥ C exp (−ε(|p| + |q|)), for all (p, q) ∈ Z 2 such that |p|+|q| ≥ C. In [B] , the tube case on the two-torus was considered, namely, L is of the form ∂ t + (a(t) + ib(t))∂ x where a and b are real-valued and real analytic functions. It was proved there that L is globally analytic hypoelliptic if and only if the following conditions are satisfied:
(1) b does not change sign; (2) If b ≡ 0, then the real number a 0 .
= (2π)
−1 2π 0 a(t)dt is neither rational nor exponential-Liouville (see Definition 2.1). The tube case was again taken up in [BZ] ; there, the main goal was to give precise results about the location of the singularities of the solutions. For further information on the tube case see [BNZ] .
The main goal of the present work is to extend the global analytic hypoellipticity results beyond the tube case and, furthermore, to vector fields defined on manifolds more general than the two-torus.
The smooth case, that is, the global hypoellipticity of smooth vector fields, was completely studied by Hounie in [H2] .
Part of our proofs follows the ideas for the smooth case in [H2] which relies heavily on the use of cut-off functions. One of the difficulties of adapting such arguments is that in the analytic case there are no such functions. Instead of that we use the fact that the first cohomology group of the manifold M with coefficients in the sheaf of germs of real analytic functions vanishes, that is, G] ). In particular, we will use the following argument:
Our results make use of the concepts of minimal sets and orbits (in the sense of Sussmann) of the pair of real vector fields L and L. We recall their definitions. Let G be the group of diffeomorphisms generated by the one-parameter group whose infinitesimal generators are L and
A set is said to be minimal if it is closed, invariant, non-empty, and contains no such proper subset. The orbits of G are called orbits of L.
In [H1] Hounie proved that M is the only minimal set for a non-singular globally hypoelliptic vector field. The same remains true for non-singular globally analytic hypoelliptic vector fields. Indeed, arguing as in [H1] , the only possibilities for a minimal set Ω ⊂ M of a non-singular vector field L is either an orbit homeomorphic to S 1 or M itself. If the former holds, then, since M is orientable, it is possible to define a function f in a tubular neighborhood V of Ω taking the value 1 on one component of V \ Ω and 0 on the other one. Thus, Lf = 0. We now make use of the cohomology argument with K = Ω, and we obtain a distribution
. This shows that if there is an orbit homeomorphic to S 1 , then L cannot be globally analytic hypoelliptic. In particular, if L is a nonsingular globally analytic hypoelliptic vector field, then M is the closure of an orbit of L.
We call a non-singular vector field L in M a type I vector field if its real and imaginary parts are linearly dependent everywhere. Otherwise, L will be referred to as a type II vector field.
We deal with each of these two cases separately. Our results provide a complete answer to the problem under study.
In the type I case we prove that a vector field L is globally analytic hypoelliptic if and only if L can be transformed into a multiple of a constant coefficient vector field on the two-torus satisfying a diophantine condition (see Theorem 2.2). Note that in this case the vector fields are never (locally) analytic hypoelliptic at any point of the manifold.
In the type II case we prove that a vector field L is globally analytic hypoelliptic if and only if the Nirenberg-Treves condition (P) holds and M is the only Sussmann orbit of L (see Theorem 3.1). It turns out that in this case L is globally analytic hypoelliptic if and only if it is (locally) analytic hypoelliptic at every point of the manifold.
It follows from our results that, in the class of compact surfaces, globally analytic hypoelliptic vector fields can exist only on the torus (see Corollary 3.2).
Real vector fields
We begin with a definition. Definition 2.1. An irrational number α is said to be exponential-Liouville if there exist ε > 0 and infinitely many solutions p/q, p ∈ Z, q ∈ N, to the inequality |α − p/q| ≤ exp(−εq). 
, where g = 0 everywhere and γ is a real number which is neither rational nor exponential-Liouville.
Proof. The sufficiency of (a) and (b) is a direct consequence of the work [Gr] .
For the necessity of (a) and (b) we follow the argument in the proof of Theorem A in [H2] . One of the main difficulties of doing this is that we are not allowed to use cut-off functions in order to construct singular solutions. As a replacement we use the fact that H 1 (M, C ω ) = 0. Another aspect in the proof of Theorem A in [H2] is the fact that in several instances smooth objects are constructed while for our proof we need the real analytic analogues. The latter are obtained by means of a theorem of Grauert and Remmert, as stated in [H] , which yields the approximation of smooth objects such as maps, embeddings and diffeomorphisms by real analytic ones.
We will repeat part of the arguments in [H2] . We begin by using a real analytic approximation of a smooth partition of unity together with a real analytic version of arguments in [H1] and by using the assumption that L is globally analytic hypoelliptic. We obtain a real non-singular vector field, Z, and functions α and β of class C ω such that X = αZ, Y = βZ, L = (α+iβ)Z, with α+iβ = 0 everywhere in M. In particular, M is homeomorphic to the torus T 2 ; in this proof we consider T 2 . = R 2 /Z 2 . Arguing as in [H2] we find a real analytic coordinate t = t(p), and a mod 1 continuous function θ = θ(p), such that p → (θ(p), t(p)) is a homeomorphism of M onto the torus T 2 and there exists an irrational number γ such that θ(p) − γt(p) is constant on each integral curve of Z.
In our case we must show that θ is real analytic and γ is not an exponentialLiouville number.
Let Σ = {p; θ(p) = 0}. As in [H2] the coordinate θ gives rise to a distribution φ ∈ D (T 2 ) with the following properties:
• φ ∈ C 0 (T 2 \ Σ); • φ has jump equal to 1 at θ(p) = 0;
where δ Σ is a measure concentrated at Σ.
Let Σ ⊂ V ⊂ T 2 be a tubular neighborhood of Σ. Let u ∈ D (V ) be such that u = 0 on one side of Σ and u = 1 on the other side. Clearly, u is real analytic in V \ Σ.
At this point [H2] uses a cut-off function in order to produce a singular solution. We must proceed in a different way. Since
Note that v satisfies the following properties:
We now resume the reasoning in [H2] . Since L is globally analytic hypoelliptic and
, which implies that φ, and hence, θ is real analytic in T 2 \ Σ. By using another cycle Σ , we see that θ ∈ C ω (T 2 ). Thus, L is equivalent to a multiple of ∂ t + γ∂ θ . It follows from [Gr] that the irrational number γ is not exponential-Liouville. The proof is complete.
Non-real vector fields
We now consider vector fields of type II; the version concerning global hypoellipticity is also due to Hounie in [H2] .
Recall the Nirenberg-Treves condition (P). Let P (x, D) be a differential operator defined on a manifold M, and let p(x, ξ) denote the principal symbol of P (x, D). Then P (x, D) is said to satisfy condition (P) on M if there is no complex-valued, smooth function q(x, ξ) on T * M \0 such that (qp) takes both positive and negative values on a bicharacteristic of (qp) where q = 0. Recall that a bicharacteristic of (qp) is an integral curve of the Hamilton field of (qp) over which (qp) vanishes. If L is a complex vector field on M, then L satisfies condition (P) if and only if the following two properties are verified (see [H2] and [T] Proof. Necessity of (b). For a non-singular vector field L a minimal set is either homeomorphic to T 1 or equal to all of M (see Theorem 1 in [H2] ). Recall from the Introduction that for a globally analytic hypoelliptic vector field there can be no minimal set homeomorphic to T 1 .
Take p such that X p and Y p are linearly independent. Then the orbit γ(p) containing p is a two-dimensional orbit, hence it is a non-empty open set. Since its closure, γ(p), is invariant and M is minimal, we have γ(p) = M. Now, if we had γ(p) \ γ(p) = ∅, then the boundary of γ(p), which is invariant, would contain a minimal set different from M. Thus, γ(p) = γ(p) = M ; in other words, M is the only orbit.
Necessity of (a) , that is, necessity of condition (P) . We are going to use the fact that M is the only orbit, as we have just proved. We proceed by contradiction. Assume that condition (P) does not hold. Then there are q = 0 and an arc of bicharacteristic of (qL) along which (qL) changes sign. Since our vector field is real analytic, there is a point (A, ξ 0 ) on the bicharacteristic so that the change of sign occurs precisely at such a point. We are now in a position to use Proposition 2.6 in [CH] to obtain an open neighborhood, U, of A and a function u ∈ C ∞ (U ) satisfying Lu = 0, with u having a strict minimum at a point p ∈ U. Inspection of the proof shows that, in fact, u ∈ C ω (U ). In more detail, the proof uses the preparation theorem, the Cauchy-Kowalevski Theorem, Taylor series and changes of variables arising from analytic ODEs, all of which yield analytic objects. Now one uses a branch of the square root to manufacture a local singular solution, that is, v ∈ D (U ) such that sing supp A (v) = {p} and Lv ∈ C ω (U ). Finally, the cohomological argument shows that there is a global singular solution, that is, v ∈ D (T 2 ) such that sing supp A (v) = {p} and Lv ∈ C ω (T 2 ). This contradicts the assumption that L is globally analytic hypoelliptic.
Sufficiency of (a) and (b).
We will show that u is real analytic in some neighborhood of p.
By working in a local chart centered at p, we may assume that our vector field is defined in a neighborhood of the origin in R 2 . Thus, we may proceed as in [BT1] and choose a small rectangle, R = J ×I, centered at the origin where a first integral of the form Z(x, t) = x + iϕ(x, t), with ϕ real-valued and ϕ(x, 0) ≡ 0, is defined. Locally, L is a non-vanishing multiple of
As we mentioned before, our hypotheses (a) and (b) imply that Re L ∧ Im L does not change sign on M, hence, ϕ t does not change sign on R, say, ϕ t ≥ 0.
We cannot have ϕ(0, ·) ≡ 0 in (−r, r) ⊂ I, r > 0. Indeed, if this were not the case then, by analyticity, the origin would belong to a one-dimensional orbit, violating (b). Hence, t = 0 is a zero of odd order of ϕ(0, ·). Therefore, condition (c) of Theorem 2.6 of [BT1] does not hold and, consequently, the non-validity of condition (a) of the same theorem implies that u is real analytic near the origin.
Finally, assume that on the surface M there is a non-singular, non-real vector field L = X + iY such that M is the only orbit of L and X ∧ Y does not change sign over M. Then, an argument in pages 361-362 in [H2] , building up on the real vector fields X and Y, yields a real, non-singular vector field on M ; this shows that the Euler characteristic of M is zero and M has to be homeomorphic (and hence real analytically diffeomorphic) to the two-torus. The proof is complete.
As a consequence of Theorems 2.2 and 3.1 we have 
